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Abstract 

A theorem of Feigin, Frenkel and Reshetikhin provides expressions for the eigen¬ 
values of the higher Gaudin Hamiltonians on the Bethe vectors in terms of elements 
of the center of the affine vertex algebra at the critical level. In our recent work, 
explicit Harish-Chandra images of generators of the center were calculated in all 
classical types. We combine these results to calculate the eigenvalues of the higher 
Gaudin Hamiltonians on the Bethe vectors in an explicit form. The Harish-Chandra 
images can be interpreted as elements of classical W-algebras. We provide a direct 
connection between the rings of ^-characters and classical W-algebras by calculating 
classical limits of the corresponding screening operators. 
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1 Introduction 


In their seminal paper [7], Feigin, Frenkel and Reshetikhin established a connection between 
the center 3(g) of the affine vertex algebra at the critical level and the higher Gaudin 
Hamiltonians. They used the Wakimoto modules over the affine Kac-Moody algebra g to 
calculate the eigenvalues of the Hamiltonians on the Bethe vectors of the Gaudin model 
associated with an arbitrary simple Lie algebra g. The calculation depends on the choice 
of an element S of the center and the result is written in terms of the Harish-Chandra 
image of S'; see also 0.0 and [ 23 ] for a relationship with the opers and generalizations 
to non-homogeneous Hamiltonians. 

The center 3(g) is a commutative associative algebra whose structure was described by 
a theorem of Feigin and Frenkel [6j, which states that 3(g) is an algebra of polynomials in 
infinitely many variables; see ra for a detailed exposition of these results. Simple explicit 
formulas for generators of this algebra were found in [5] for type A and in [15] for types 
B. C and I): see also [3] and ra for simpler arguments in type A and extensions to Lie 
superalgebras. The calculation of the Harish-Chandra images of the generators in type A 
is straightforward, whereas types B, C and D require a rather involved application of the 
g-characters; see [16j. Our goal in this paper is to apply these results to get the action of 
the higher Gaudin Hamiltonians on tensor products of representations of g in an explicit 
form and calculate the corresponding eigenvalues of the Bethe vectors. I 11 type A we thus 
reproduce the results of [19] obtained by a different method based on the Bethe ansatz. 

We will begin with a brief exposition of some results of [?] and [9]. Our main focus 
will be on Theorem 6.7 from [9j expressing eigenvalues of a generalized Gaudin algebra on 
Bethe vectors in terms of opers associated with tensor products of Verma modules. Then 
we will apply this theorem to the classical Lie algebras to write explicit Gaudin operators 
and their eigenvalues on Bethe vectors. 

A connection between the Yangian characters (or g-characters) and the Segal-Sugawara 
operators played an essential role in the calculation of the Harish-Chandra images in [ IB ]. 
We will explore this connection further by constructing a map gr taking a character to an 
element of the associated classical W-algebra. We will also establish multiplicativity and 
surjectivity properties of this map. 

2 Feigin—Frenkel center and Bethe vectors 

Let g be a simple Lie algebra over C equipped with a standard symmetric invariant bilinear 
form ( , ) defined as a normalized Killing form 

<A '’ r> = 2F tr(ad - Yady ). ( 2,1) 
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where hF is the dual Coxeter number for g. The corresponding affine Kac-Moody algebra 
g is defined as the central extension 

0 = g[M -1 ] © CK, (2.2) 

where g [t, f -1 ] is the Lie algebra of Laurent polynomials in t with coefficients in g; see [IT] . 
For any r £ Z and X 6 g we set X[r\ = Xt r . The commutation relations of the Lie 
algebra g have the form 

[X[r],Y[s]] = [X, Y] [r + s] + r S r - 8 {X, Y) K, X,Y e g, 
and the element K is central in g. 

The universal enveloping algebra at the critical level U cri (g) is the quotient of U(g) by 
the ideal generated by K + h v . Let 1 denote the left ideal of U cr i(g) generated by g[f] and 
let Norm I be its normalizer, 


Norm I = {d£ U cri (g) | In C I}. 

The normalizer is a subalgebra of U cr ;(g), and I is a two-sided ideal of Norml. The Feigin- 
Frenkel center 3(g) is the associative algebra defined as the quotient 

3(g) = Norm I/I. (2.3) 

Any element of 3 (g) is called a Segal-Sugawara vector. The quotient 

Kri(0) = U cri (g)/I (2.4) 

is the vacuum module at the critical level over g. It possesses a vertex algebra structure. 
As a vector space, VAi(g) is isomorphic to the universal enveloping algebra U(g_), where 
g_ = t _ 1 g[f^ 1 ]. Hence, we have a vector space embedding 

3(0) ^ U(g_). 

Since U(g_) is a subalgebra of U cr i(g), the embedding is an algebra homomorphism so that 
the Feigin-Frenkel center 3(g) can be regarded as a subalgebra of U(g_). This subalgebra 
is commutative which is seen from its identification with the center of the vertex algebra 
Kri(0) by 

3 ( 0 ) = K bcri( 0 ) | d[t]v = 0}. (2.5) 

As a vertex algebra, the vacuum module Kn( 0 ) is equipped with the translation operator 

T : VAi(g) —> V^ r i(g), (2-6) 
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which is determined by the properties 

T : 1 (->• 0 and [T, X[r]] = —rX[r — 1], A" G g. 

We also regard T as a derivation of the algebra U(g_). Its subalgebra 3 (g) is T-invariant. 
By the Feigin-Frenkel theorem, there exist elements Si,S n G 3 (g), where n = rankg, 
such that all elements T r Si are algebraically independent, and every Segal-Sugawara vector 
is a polynomial in these elements: 

3 (g) = C[T r Si | l = l,...,n, r > 0], (2.7) 

We call such a family S\,... ,S n a complete set of Segal-Sugawara vectors. 

Choose a Cartan subalgebra fi of g and a triangular decomposition g = n_ © f) © n + . 
Consider U(g_) as the adjoint g- module by regarding g as the span of the elements X[0] 
with X G g. Denote by U(g_) fl the subalgebra of ^-invariants under this action. Consider 
the left ideal J of the algebra U(g_) generated by all elements X[r] with X G n_ and r < 0. 
By the Poincare-Birkhoff-Witt theorem, the intersection U(g_)^ D J is a two-sided ideal 
of U(g^) h and we have a direct sum decomposition 

U(S-)* = (u(g_) t ’nj)©uft_), 

where = f - 1 f)[f -1 ]. The projection to the second summand is a homomorphism 

U(g_) h —>■ U(L) ( 2 . 8 ) 

which is an affine version of the Harish-Chandra homomorphism. By the Feigin-Frenkel 
theorem, the restriction of the homomorphism ( 12 . 8 ft to the subalgebra 3 (g) yields an iso¬ 
morphism 

f: 3(5) -> (2.9) 

where W( L g) is the classical W -algebra associated with the Langlands dual Lie algebra L g; 
see [ID] for a detailed exposition of these results. The W-algebra W( L g) can be defined as a 
subalgebra of U(f)_) which consists of the elements annihilated by the screening operators ; 
see m Sec. 8.1] and also [16] for explicit formulas in the classical types. 

Given any element y G g* and a nonzero z G C, the mapping 

U(g~) —> U(g), X[r]^Xz r + 8 ri _i X (X), X G g, (2.10) 

defines an algebra homomorphism. Using the coassociativity of the standard coproduct on 
U(g_) defined by 

A:7i->F®1 + 1®F, Leg., 
for any i ^ 1 we get the homomorphism 

U(g_) —t U(g_)®^ ( 2 . 11 ) 
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as an iterated coproduct map. Now fix distinct complex numbers zi,...,Z£ and let u be a 
complex parameter. Applying homomorphisms of the form (12. 10)1 to the tensor factors in 
( 12 . lip , we get another homomorphism 

* : U(g_) -> U(g)®*, ( 2 . 12 ) 


given by 


i 

* : X[r] ^ X °( z ° ~ U Y + *( X ) e U (0)^> 

a— 1 


where X a = 1®(° ^ ® X 0 1®^ see m- We will twist this homomorphism by the 
involutive anti-automorphism 


c : U(g_) -> U(S_), X[r] >-+ -X[r], X € g, 


(2.13) 


to get the anti-homomorphism 

<D : U(g_) -G U(g)® £ , (2.14) 

defined as the composition $ = $ oy Since 3 (g) is a commutative subalgebra of U(g_), 
the image of 3 (g) under $ is a commutative subalgebra Al(g) x of U(g)® £ , depending on the 
chosen parameters zi,... ,Z£, but it does not depend on u m, see also J9J Sec. 2 ], 

Introduce the standard Chevalley generators e,, h i: fa with i = 1 ,... ,n of the simple 
Lie algebra g of rank n. The generators h % form a basis of the Cartan subalgebra f) of g, 
while the e* and fi generate the respective nilpotent subalgebras n + and n_. Let A = [a l3 ] 
be the Cartan matrix of g so that the defining relations of g take the form 


[®ij fj ] fiijh'ii 

i j C j ] CLij € j, 

together with the Serre relations; see e.g 
the quotient of U(g) by the left ideal generated by n + and the elements hi — A (A) with 
i — 1,..., n. We denote the image of 1 in M x by W 

For any weights Ai,...,A* G t)* consider the tensor product of the Verma modules 
M Xl ®.. We will now describe common eigenvectors for the commutative subalgebra 

Al(g) x in this tensor product. For a set of distinct complex numbers w \,..., w m with ny 7 ^ Zj 
and a collection (multiset) of labels i 1; ..., i m G {1,. .., n} introduce the Bethe vector 

</>K\ • • • 1 Wm) eM Xl ®...®M Xl 


[hi, hj] = 0 , 

[hi, fj] 

P3]. Given A G I)*, the Verma module M x is 


by the following formula which originates in [25]; see 
therein: 

£ a k 


<f>(w 


h 

1 1 ■ 



e on 

(J 1 ,...,/*) k =1 s=l 


W Ak 
J s 


E3 and also [7], [2T] and references 


IV Ak 
Js + 1 


n / 

r£l k 


W J 


(2.15) 
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summed over all ordered partitions I 1 U I 2 U • • • U of the set {1,... ,m} into ordered 
subsets I k = {ji,jo, ■■■ ,3a } with the products taken from left to right, where urn- := zf. 
for s = a*;. 

Now suppose that %£[)*. We regard x as a functional on 0 which vanishes on n + and 
n_. The system of the Bethe ansatz equations takes the form 


, Aj) 


t 


h "'■> - Zi 


(a^o^ 

/ . A/? 

^ Wj — W s 
s^j 3 s 




(2.16) 


where the cp and cp denote the simple roots and coroots, respectively; see 

We are now in a position to describe the eigenvalues of the Gaudin Hamiltonians on 
the Bethe vectors. Given the above parameters, introduce the homomorphism from U(f)_) 
to rational functions in u by the rule: 


g : H\—r — 1] i—>• 

t\ 


He f), r ^ 0 , 


(2.17) 


where 


0=1 3 =1 

Let S e 3 (g) be a Segal-Sugawara vector. The composition g of of this homomorphism with 
the isomorphism (12.91) takes S' to a rational function £>(f(S)) in u. Furthermore, we regard 
the image < h(S') of S under the anti-homomorphism (12. 14ft as an operator in the tensor 
product of Verma modules M\ 1 <S> ■ ■ ■ <S> M\ r The following is essentially a reformulation 
of Theorems 6.5 and 6.7 from [9jj; in the case x = 0 the result goes back to [7J Theorem 3]. 


E _ x(H) . 

U — Wi 


Theorem 2 . 1 . Suppose that the Bethe ansatz equations (12.161) are satisfied. If the Bethe 
vector ... ,w 1 ™) is nonzero, then it is an eigenvector for the operator < h(S') with the 

eigenvalue g(f (S)). □ 

In what follows we will rely on the results of a. da and |16j to give explicit formulas 
for the operators < L(S'j) and their eigenvalues £?(f(Si)) on the Bethe vectors for complete 
sets of Segal-Sugawara vectors Si,..., S n in all classical types. 


3 Gaudin Hamiltonians and eigenvalues 

We will use the extended Lie algebra g©Cr where the element r satisfies the commutation 
relations 

[r,X[r]] = —r X[r — 1], [t,K] =0. (3.1) 

Consider the extension of (12. 9 p to the isomorphism 

f : 3 ® ® C[r] >V( L 0 ) © C[r], (3.2) 
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which is identical on C [r]. 

For an arbitrary N x N matrix A = [A l3 ] with entries in a ring we define its column- 
determinant cdet A and row-determinant rdet A by the respective formulas 

cdet A = y sgn a • Ar(i)i • • • At(jv )n (3.3) 

u€&N 

and 

rdet A = y sgn a- A la{l) ... A Na{N) , (3.4) 

cT&&N 

where &n denotes the symmetric group. 

3.1 Type A 

We will work with the reductive Lie algebra gl^ rather than the simple Lie algebra sbv of 
type A. We let E tJ with i, j — 1,..., N be the standard basis of gl^. Denote by 1), n + and 
n_ the subalgebras of gl^ spanned by the diagonal, upper-triangular and lower-triangular 
matrices, respectively, so that E u ,..., E NN is a basis of fp 

We start by recalling the constructions of some complete sets of Segal-Sugawara vectors 
for gl^. For each a € {1,..., m} introduce the element E[r] a of the algebra 

EndC^® ...® EndC^ © U (3.5) 

m 

by 

N 

E[r] a = y © Bij © l 0(m - a) © Eij [r], (3.6) 

i,j=1 

where the e tJ are the standard matrix units and U stands for the universal enveloping 
algebra of gl^ © Cr. Let H^ and A^ denote the respective images of the normalized 
symmetrizer and anti-symmetrizer in the group algebra for the symmetric group & m under 
its natural action on (C^)®" 1 . In particular, H^ and A^ are idempotents and we identify 
them with the respective elements //- m ) © 1 and A ^ © 1 of the algebra (13. 5 j) . Define the 
elements <p ma ,il> ma ,8 ma e U(r 1 gl Ar [r 1 ]) by the expansions 

tr A (m) (r + E[— l]i) ... (r + E[— l] m ) = ip m0 r m + ip ml r m 1 H-F ^ mm , (3.7) 

tr H™ (r + E[- 1],) ... (r + E[- l] m ) = & m0 r m + ^ ml r^ 1 + • • • + $ mm , (3.8) 

where the traces are taken with respect to all m copies of EndC A in (13.51) . and 

tr (r + £([-!]) = 0 mO r m + 9 ml r m 1 H- 0 mm . (3.9) 
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Expressions like r + E[— 1] are understood as matrices, where r is regarded as the scalar 
matrix r/. Furthermore, expand the column-determinant of this matrix as a polynomial 
in r, 


cdet (r + £[— 1]) = T N + <f 1 T N 1 + --- + (p N , (p m e U(t 1 0l iV [^ X ])- (3.10) 

We have (p mm = <p m for m = 1,..., N. 

Theorem 3.1. All dements <p ma! if ma and 9 ma belong to the Feigin-Frenkel center 3 ( 0 ^). 
Moreover, each of the families 

( p l , . . . ,ip N , f’lli ■ ■ ■ , f’NN an d ^11 > • • • > N 

is a complete set of Segal-Sugawara vectors for gl^. □ 

This theorem goes back to [5], where the elements ip m were first discovered (in a slightly 
different form). A direct proof of the theorem for the coefficients of the polynomial (13.10ft 
was given in [3j. The elements "0 ma are related to ip ma through the quantum MacMahon 
Master Theorem of HE while a relationship between the Lp ma and 9 ma is provided by a 
Newton-type identity given in [3] Theorem 15]. Note that super-versions of these relations 
between the families of Segal-Sugawara vectors for the Lie superalgebra 0 l m | n were given 
in the paper ra, which also provides simpler arguments in the purely even case. 

We will calculate the images of the Segal-Sugawara vectors under the involution (12.13ft . 
We extend it to the algebra U(t'' 1 g( 7 V [t _1 ]) <g) C[r] with the action on C[r] as the identity 
map. 


Lemma 3.2. For the images with respect to the involution g we have 


trA( m )(r + £[—1],) 

... (r + E[- l] m ) * y tr A {m) (r - £[-l]i) .. 

. (r - E{- l] m ), 

(3,11) 

tv H (m \r + Ei-1}^ 

... (r + E[- l] m ) ^ tr H (m \r - E[-l]f) .. 

. (r - E[- l] m ), 

(3.12) 


tr(r + E[-l]) m ^tr (r - E^- l]) m , 


(3.13) 

and 

cdet (r + E[— 1]) (->• cdet (r — E t [— 1]), 


(3.14) 


where t denotes the standard matrix transposition. 


Proof. The left hand side of (13.lip equals a linear combination of expressions of the form 

tr E[rf\ ai ... E[r p \ ap r k (3.15) 
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with 1 ^ a\ < ■ ■ ■ < a p ^ m. However, such an expression remains unchanged under any 
permutation of the factors E[r t ] a .. This follows from the commutation relations 

E[r] a E[s] b - E[s\ b E[r] a = P ab E[r + s] b - E[r + s] b P ab 


for a < b, where 

N 

P ab = l 0(a_1) ® eij © 1®^-“-!) © eji © l 0(m - b) (3.16) 

i,j =1 


is the permutation operator. We only need to observe that A^ m> P ab = P ab A^ iri) = —A^ 
and use the cyclic property of trace. Hence the image of (13.151) under q equals 

(-l) p tr A^E[r 1 \ ai ...E[r p \ ap T k 


which verihes (13.111) . The same argument proves (13.121) . Now (13. 14ft follows from the 
relation 

cdet (r + E[— 1]) = tr H (Ar) (r + iT[— 1] x ) ... (r + £[—1 ]jv) (3-17) 

which is implied by the fact that r + E[— 1] is a Manin matrix; see [3] for an extensive 
review on Manin matrices. Indeed, by (13.111) for the image of (13.171) under <; we get 


tr A^(r - E{- l]i) ... (r - E[-1] N ) = tr A {n \t - E\- l]i) ... (r - E*[- 1]jv), 


where we have applied the transposition t\.. An with respect to all copies of End C iY and 
used the invariance of A^ under this transposition. Since t — E l [— 1] is also a Manin 
matrix, the resulting expression coincides with cdet (r — £'*[— 1]). Finally, (13. 13ft follows 
from the Newton-type formula connecting the coefficients of the polynomial in (13.9ft with 
those of (13. 101) ; see jU (3.5)]. □ 


With the parameters chosen as in Sec. [2] suppose that x vanishes on the subspace 
n_ © n + of so that we can regard x as an element of f)*- Set 


Eij (it) 


E 

a= 1 


(Eij)c 


U — Z n 


x(Eij) G Ufol*)®*. 


Consider the row-determinant rdet(<9„ + E(u )) of the matrix d u + E(u) = [5ijd u + E l3 (u)\ 
as a differential operator in d u with coefficients in U(g[ Ar ) <gl ^. Furthermore, in accordance 
with (12 .171) . set 

£«<«) = E _ jr _ x{En) , 

“ U- Z a ^ U-Wj 
a =1 j =1 J 

In all the following eigenvalue formulas for the Gaudin Hamiltonians we will assume 
that the Bethe ansatz equations (12.161) hold. 
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Theorem 3.3. The eigenvalue of the operator rdet(<9 u + E{uf) on the Bethe vector (I2.15P 
is found by 

rdet (d u + E(u )) = ( d u + S NN (u )) ... (d u + £u(u)) .. .,w 1 ™). 

Proof. To apply Theorem 12.11 we will find the image of the polynomial cdet(r + E[— 1]) 
under the anti-homomorphism <f>. We regard <f> as the map 

$ : U^gyr 1 ]) < 8 >C[r] Ufa!*)®* ® C[d u ] 

such that r t—)■ d u . Note that by definition of the homomorphism (12 .1 21) we have 

T : E{- 1 ] ny -E(u) 


and so, by (13. 14ft . 

<f> : cdet (r + E[— 1]) i—> cdet(<9„ + E t {u)) = rdet(<9„ + E(u )). (3.18) 

The images of the elements </y under the isomorphism (I2.9jl for g = gl^ are easy to 
obtain from (]3.10p . they are found by 

f : cdet(r + E[- 1]) (r + TW[-1]) • • • (t + £ n [-l]). (3.19) 

Therefore, 

go f : cdet(r + E[- 1]) (d u + £ N n(u )) ... (d u + £u(u)) 

completing the proof. □ 

Formula (13. 19ft can be generalized to get the Harish-Chandra images of the polynomials 
(13. 7 p and (13.8p . We get 

f : tiA™ (r + E[- l] x ) .. .(r + E[- l] m ) ^ e m (r + E u [~ 1], ■.., r + E NN [-1]), 

f : tr H {m \r + E[-l] t ) .. .(r + E[- l] m ) ^ h m (r + E n [~l], ..., r + E NN [-1]), 

where we use standard noncommutative versions of the complete and elementary symmetric 
functions in the ordered variables x\,... ,x p defined by the respective formulas 


fornix'll • • 

• > X p) ^ 1 X il ’ • ■ X irn 1 

(3.20) 




1 ) • • 

• J X p) = ^ 1 X i\ ■ • • x im ■ 

(3.21) 




The following corollaries can be derived from Theorem 13. 31 or proved in a similar way with 
the use of Lemma 13.21 
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Corollary 3.4. The eigenvalues of the operators 

tr A^ m) [d u + E{u) i) ... (d u + E{u ) m ) and tr H {m) [d u + E{u) i) ... (<9 U + E(u) m ) 
on the Bethe vector (12. 15ft are found by respective formidas 

(d u + £u( u ), ■ ■ ■ ,d u + £nn(u)) ciTid h m (^0 u £\\ ('zx),... 5 0 U “I - £/v\/v(^0)* 

By HI Corollary 6.4] we have 

oo N ^ 

f ; XX tr ( r + E h 1 ]) fc ^ Y ( x — - (^ + ^n[—!])) ■ ■ ■ (l - z {r + Eif-l})^ 

k= 0 i=l 

x (l - z(t + -E7i_ii— 1 [—1])^ ■ ■ ■ (l- z{r + En[-1]) 
where z is an independent variable. So we get the following. 

Corollary 3.5. The eigenvalue of the series 

OO 

^Vtr(<9 u + E\u)) k 

k =0 

on the Bethe vector (12.151) is found by the formula 

n -l -l 

Y (l - z (d u + £n(u))^J ••• (l - z (d u + £a(u))^ 

2—1 

x (l - z(d u + 5 i _i i _i(u))^ • • • (l - z(d u + £ n (it))). 

3.2 Types B and D 

Now turn to the orthogonal Lie algebras and let g = with N = 2n or N = 2n+1. These 
are simple Lie algebras of types D n and B n , respectively. We use the involution on the set 
{1,..., N} defined by i' — N «* i + 1. The Lie subalgebra of gljy spanned by the elements 
Fij = Eij — Ej'i / with i,j e {1,..., N} is isomorphic to the orthogonal Lie algebra On- 
Denote by fi the Cartan subalgebra of spanned by the basis elements F u ,..., F nn . 
We have the triangular decomposition Ojsr = n_ © f) © n + , where n_ and n + denote the 
subalgebras of On spanned by the elements F tJ with i > j and by the elements F tJ with 
i < j, respectively. 

We will use the elements F t] [r] = F i jt r of the loop algebra 0 jy[t, C 1 ]. Introduce the 
elements F[r) a of the algebra (13.51) by 

N 

F[r] a = Y 10(a_1) ® ® ® Eij [r], (3.22) 

i,j=1 
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where U in (13. 5p now stands for the universal enveloping algebra of Oat © Cr. 

For 1 ^ a < b ^ m consider the operators P a b defined by (13.161) and introduce the 
operators 


N 


Qab ^ ' 


a— 1) 


-ij 


—a—1 ) 


e vy <g> l®( m - fo ). 


i,j=1 


Set 


s i m ) — — TT (i + 

ml ± A V 


ab 


Qab 


b — a N/2 + b — a — l)' 


(3.23) 


l^a<b^m 

where the product is taken in the lexicographic order on the pairs (a, b). The element 
(I3.23P is the image of the symmetrizer in the Brauer algebra B m {N) under its action on 
the vector space ( K C N )® m . In particular, for any 1 ^ a < b ^ m for the operator we 
have 

S (m) Qab = QabSW = 0 and SWp ab = P ab SW =S<- m \ (3.24) 

The symmetrizer admits a few other equivalent expressions which are reproduced in 
We will use the notation 


7m M = 


oj + m — 2 


oj + 2m — 2 

and define the elements <p ma E U(t - 1 0 jv[£ -1 ]) by the expansion 


(3.25) 


Tm(JV) tr S< m >(r + F[—1],)... (r + F[-l] ro ) = Vm0 r m + r"- 1 + ■■■ + ?„„, (3.26) 


where the trace is taken over all m copies of End C Y . By the main result of [15], all coeffi¬ 
cients (p ma belong to the Feigin-Frenkel center 3 ( 0 ^). In the even orthogonal case g = o 2n 
there is an additional element ip' n = Pf F[— 1] of the center defined as the (noncommutative) 
Pfaffian of the skew-symmetric matrix F[—1] = [Fq [— 1]], 

P f ^[- 1 ] = 2 ^[ S ^n & ' F)r(l) <r(2) [ 1] • • • Fcr(2n—1) <r(2n) [ 1] j (3-27) 

CTg 62 n 


where F t j[—1\ = F rj i[—\]. The family ip 22 , <^ 44 ,..., <^ 2n2n is a complete set of Segal- 
Sugawara vectors for o 2 n+ i, whereas ip 22 , <^ 44 ,..., <^ 2n _ 22n _ 2 , <p' n is a complete set of Segal- 
Sugawara vectors for o 2n . 

We extend the involution (j2.13j) to the algebra U(f - 1 0 Ar[f -1 ]) <g) C[r] with the action 
on C [r] as the identity map. 

Lemma 3.6. The element (I3.26P is stable under q. Moreover, in type D n we have 

q : PfF[-l] ^ (-l) n PfF[-lj. (3.28) 
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Proof. The same argument as in the proof of Lemma 13.21 shows that the image of (13. 26ft 
under the involution <; equals 

7 m (iV) tr S™ (t-F[- l]r) • • • (r - F[-l] m ). (3.29) 

Indeed, this is implied by (I3.24p and the commutation relations 

F[r] a F[s ] 6 - F[s] b F[r] a = ( P ab - Q ab ) F[r + s] b - F[r + s] 6 ( P a b ~ Qab) 

for a < b. By applying the simultaneous transpositions n- ey V to all m copies of End C N 
we conclude that (j3.29[) coincides with (I3.26P because this transformation takes each factor 
r — F[— l] a to r + F[—l] a whereas the operator S^ stays invariant. Relation (I3.28P is 
immediate from (I3.27p . □ 

By the main results of [T 6 ], the image of the polynomial (13.26P under the isomorphism 
(13. 2 p is given by the formula: 


h m (t + Fn[-1],... ,r + F nn [—1], r — F nn [- 1],... r - F n [-1]), 
for type B n and by 

| h m {r + E n [-1],... ,r + F n _i n _i[-1],r - F nn [- 1], ...r- Fn[-1]) 

+ | bi m (tTE\i[ 1],..., r+F nn [— 1], t—F n _i n _i[— 1],... t—E nf—1]), 
for type D n . The latter sum can also be written in the form 

h m (r + F n [-1 ],... ,r + F nn [-l],r - F nn [- 1],.. .r - F n [-1]) 

- ^2 h k (T + F 11 [-l],...,T + F nn [-l])rhi(T-F nn [-l] : ...,T-F 11 [-l]). 

k-\-l=m— 1 

Furthermore, the image of the element ip' n in type D n is given by 

(Fu[~ 1] - t) ... (F nn [-1 ] - r) 1, (3.30) 

where r is understood as the differentiation operator so that r 1 = 0; see also [23] for a 
direct calculation of the Harish-Chandra image of <p' n . 

Choose parameters as in Sec. [2] and suppose that x vanishes on the subspace n„ © n + 
of Oat so that we can regard x as an element of fi*. Set 

i 

Fijiu) = J2 e U(ow)®'. 

, ^ *a 

a= 1 
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In accordance with (12.171) set 


i 

— y ^ 

a= 1 


Ag (Fa) 
u- z a 


a ij (Fa) 

^ U ~ Wn 
3 =1 J 


x(Fu). 


In the case g = 02 n define the operator 


Pf F(u) 


1 

2 n rt! 


y ^ Sgn (T • Pg-f ] J cr(2) (^0 • • • -^cr(2n—1) <r(2n) (^0> 
0-G62n 


(3.31) 


where Fij(u ) = Fijfu). As before, we will assume that the Bethe ansatz equations (I2.16j) 
hold. 

Theorem 3.7. The eigenvalue of the operator 

7 m (N) tr S™ (3 U F F(u)ij ...(d u + F(u) m ) (3.32) 

on the Bethe vector (I2.15P is found by 


h-rn (du T F 11 ('ll), . . . , 9 U T F un(u) , d u Fnn(F) , • • • d u F 11 (F)) 


for type B n , and by 


2 (dy, F F ii (n),..., d u F F n—i n—i (F ), Fnn(F ), • • • F ii (Ff) 

A 2 ^rn (^n A F 11(1/) ,..., < 9 ^ T F n n (u), d^ n _i n _i (n),... d u -An (Fj) 

/or £?/pe D n . Moreover, the eigenvalue of the operator PfF(u) in type D n is given by 

(F u (u) -d u )... (. F nn (u ) - 0 U ) 1 . (3.33) 

Proof. We apply Theorem 12.11 again and regard $ as the map 

: U(£ -1 0at[£ - 1 ]) <g) C[r] -)• XJ{o N )® e ® C[0 U ] 
such that t i—> c£ u . By the definition of the homomorphism (12. 12)) we have 

T : F[-l] -F(u). 

Hence, using the equivalent formula (j3.29j) for the polynomial (13.261) we find that its image 
under $ coincides with the operator (13.321) . The proof of the first part of the theorem is 
completed by using the formulas for the images of (13.261) under the respective isomorphisms 
(13.2p recalled above. Finally, by Lemma [3761 in type D n , 

$ : Pf F[-l] ny Pf F(u) 

so that the last claim follows by using formula (I3.30p for the image of Pf F[—1] under the 
isomorphism ( 12 .9p . □ 
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Corollary 3.8. The eigenvalue of the generating function 

( J2(- z ) m Tm(N)trS^(d u + F(u)fj ...{d u + F{u) m )\ (3.34) 

\m= 0 / 

on the Bethe vector (12.15ft is found by 

^1 + (d u — F\ i(n))zj ... ^1+ (d u —F nn {u))^j ^1 + ( d u +F n n( w ))^ ... ^1+ ( d u +F h(m))z^ 
for type B n and by 

(l + (d u - Fu(u))z^ ...(l + {d m ^ F nn (u))z^ (l + d u zj 

x (l + (du + Fnn(u))zj ... ^1 + (d u + F 11 (w))^ 

for type D n . 


3.3 Type C 


We identify the symplectic Lie algebra g = sp 2n with the Lie subalgebra of g l 2n spanned 
by the elements F l3 = E i3 — £ i £ 3 Ep i i with i,j e {1,..., 2n}, where i' = 2n — i + 1 and 
£i — 1 for i — 1,..., n and e* = — 1 for % — n + 1,..., 2 n. 

Denote by f) the Cartan subalgebra of sp 2n spanned by the basis elements F n ,..., F nn . 
We have the triangular decomposition sp 2n = n_ © f) © n+, where n_ and n + denote the 
subalgebras of sp 2n spanned by the elements F l3 with i > j and by the elements F 13 with 
i < j, respectively. 

We will use the elements F l3 [r] = F i 3 t r of the loop algebra sp 2n [f, f -1 ]. Introduce the 
elements F[r] a of the algebra (13.51) by 

2 n 

F[r} a = J2 10(a_1) ® *3 ® ® Fij[r], (3.35) 

i,j =1 


where U in (13.5ft now stands for the universal enveloping algebra of sp 2n © Cr. 

For 1 ^ a < b ^ m consider the operators P a b defined by (13.161) and introduce the 
operators 


2 n 


Qab 


l® (a_1) © e-ij © l®^- 11 - 1 ) © etj' © 

ij=1 


For 1 ^ m < n set 




1 

m\ 

l^a<b^m 




Qab 


n — b + a + 1 


(3.36) 
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where the product is taken in the lexicographic order on the pairs (a, b). The element 
(I3.36P is the image of the symmetrizer in the Brauer algebra B m (—2n) under its action on 
the vector space (C 2n ) l8 ’ m . Use the notation (I3.25jl to introduce the polynomial in r by 

7 m (-2-n)tr5 (m) (r + F[-l] 1 ) ... (r + F[-l] m ) = <^ m0 r m + <p ml r m_1 + • • ■ + <p mm , (3.37) 

where the trace is taken over all m copies of EndC 2n . By the results of [15], the values of 
m in (13.371) can be extended to the range 1 ^ m ^ 2 n (and, in fact, for m = 2n + 1 as 
well) to get a well-defined polynomial in r. Moreover, the family (p 22 , ..., ^ 2n 2 n is a 

complete set of Segal-Sugawara vectors for sp 2n . 

Extend the involution (12.13(1 to the algebra U(i _1 sp 2n [i -1 ]) ® C[r] with the action on 
C [r] as the identity map. 

Lemma 3.9. The element (13.371) is stable under q. 

Proof. The proof is the same as for Lemma 13.61 which also provides an equivalent formula 

7m (-2n)trSM( r - F[- l] x ) ... (r - F[-l] m ) (3.38) 

for the polynomial (13.371) . □ 


By the main result of |T6], the image of the polynomial (13.371) with 1 ^ m ^ 2n + 1 
under the isomorphism (13.2ft is given by the formula: 


e m {r + Eii[—1],..., r + F nn [-1], r, r 


F nn [- 1], • • • t - Fn[—1]), 


where we use notation (13.211) . 

With parameters chosen as in Sec. [2] suppose that x vanishes on the subspace n_ © n + 
of sp 2n so that we can regard x as an element of p*. Set 

t 

F v (u) = £ TTk - x(Fj) 6 U( S p,„)®'. 

■ ^ Za 

a= 1 

In accordance with (12.171) set 


Fnfu) = > - 

, U - Z a 
a= 1 


m 


( Fir 


Z—/ ?/ — 


3 =1 


U ~ Wn 


As before, we will assume that the Bethe ansatz equations 


-x(Fii). 

(I2M6D hold. 


Theorem 3.10. For any 1 ^ m ^ 2n + 1 the eigenvalue of the operator 


~/ m (-2n) tr S [m) (d u + F(u) i) ... (d u + F(u) m ) (3.39) 

on the Bethe vector (12.15ft is found by 

(du T F ii (u),.. ., d u © Fnn(F ), d u , d u Fnn(F) ,... d u F ii (w)). 

Proof. This is derived from Theorem 12. II and Lemma [T9] as in the proof of Theorem 13.71 □ 
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3.4 


Connection with the results of 


191 and [20 


Theorem 13.31 was previously proved in [T9] is a slightly different form; see Theorem 9.2 
there. We will make a connection between these results by showing that one is obtained 
from the other by using an automorphism of the current algebra. The notation of [ 19] 
corresponds to ours (we used the settings of [7] and 0 ) as follows. The highest weights 
A k = (A],..., AjT) correspond to our X k so that A*. = A& (£**); the evaluation parameters z % 
are the same. The diagonal matrix K = diag [K \,..., K N \ corresponds to our element — y 
so that Ki = —x(Ea). Finally, the collection of nonnegative integers £ = (£ 1 ,... ,£ jV_1 ) 
gives rise to our multiset of simple roots where on = £i — £i + i occurs £ / times for 
each l — 1,..., N — 1. The corresponding variables t\,... ,t^,..., t ^ -1 ,..., t^E-i are then 
respectively identified with our parameters Wi,... ,w m with m = |£|. The coroots ai 
coincide with the elements Eu — E i+li+1 so that the Bethe ansatz equations (9.3) in [T9] 
turn into (12.1611 . Using this correspondence between the settings, we can now state [HI 
Theorem 9.2] in our notation as the relation 


cdet(<9„ - E{u)) 4>(w\\ .. .,w 1 ™) = [d u - £n(w)) ... (d u - S NN (u)) ... ,w*™) 

for the eigenvalue of the operator cdet (d u — E(u)) on the Bethe vector (I2.15p . This relation 
is implied by Theorem 13.31 bv twisting the action of U( 0 O on each Verma module M\ k 
by the automorphism Eij i —y —Ej /j/, where %' = N — i + 1. The automorphism takes 
rdet(<9 u + E(u)) to cdet(<9 u — E(u)) and £a(u ) to —£*/*/(«). 

We also make a connection of Theorems 13.3113.71 and 13.101 with formulas for universal 
differential operators corresponding to populations of critical points of the master functions 
associated with flag varieties; see [20]. With the recalled above notation of [19], we follow 
[20] to introduce polynomials in type A, 


i 

Ta{u) = - z k ) A %, 0 = 1 ,..., AT, 

k =1 


and 


Va(u) = Y[(u-tp), a = 1,..., N — 1. 
p =i 


Then the eigenvalue of the Bethe vector in Theorem 13.31 with y 
differential operator 


n 


.( 7/T 


0 coincides with the 
(3.40) 


rewritten in our notation, where we set yo(u) = Vn(u) = 1; see [20], Sec. 5.2], 
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Using a similar notation, in type B n set 

i 

T a( u ) = X\( U - z k) Kl and 2/f {u) = -t“), a = l,...,n. (3.41) 

fc=i p =1 

Then the coefficient of z 2n in the eigenvalue in type R n (see Corollary I3.8[) coincides with 
(13.401) . if we take N = 2n and set 

y a (u) = V2n-a(u) = Va(u) for 0=1,..., U 

and 

T a (u) = T 2n _ a+1 (u)- 1 = Xf (w) for a = 1,..., ra; 

cf. [2DI Sec. 7.1]. In type C n , introducing T^{u) and Va{u) for a = 1,..., n as in (13.411) . 
we find that the eigenvalue of the operator with m — 2n + 1 in Theorem 13.101 is given by 
(I3.40p with N = 2n + 1, where we set 

for a — 1,..., n — 1 
for a = n 

for a — 1,..., n 
for a = n + 1; 

cf. [233 Sec. 7.2], 

4 From (/-characters to classical W-algebras 

The Harish-Chandra images of the Segal-Sugawara elements (13,26j) and (13.371) in types B, 
C and D were calculated in [16] by taking a classical limit of certain Yangian characters 
(or g-characters). Our goal in this section is to prove general results providing a connection 
between the rings of g-characters and the corresponding classical W-algebras. We will rely 
on the original work [12] for the basic definitions and properties of the g-characters; see 
also HU- However, we will use an equivalent additive version of the character ring as in [22] 
and indicate the connection between the notation in Remarks 14. II and 14.31 below. Although 
this version can be introduced independently via the Yangian representation theory, we 
will not make a direct use of the Yangians which will only appear in the notation Rep Y(g) 
for the ring of characters; cf. |16j . 

The screening operators for classical W-algebras are constructed as limits of certain 
intertwiners between g K -modules at a level n, as n —* —/r v ; see [10], Ch. 7]. They can 
also be obtained by applying a Chevalley-type theorem to the W-algebras defined in the 


TJaiu) Uln— a+l(w) 


y c a {y) 

y c a {uf 


and 


rr ( \- T ( I T ^ U] 

T a {U) ±2n—a-\-2\U j ) 
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context of classical Hamiltonian reduction; see, e.g., [IS] . It was conjectured in [12] and 
proved in HU, that the ring of characters can be defined as the intersection of the kernels 
of the screening operators. We will apply a classical limit procedure to derive the screening 
operators characterizing elements of the W-algebra; cf. m Sec. 8]. The main result of 
[16] will play an important role in the proof of the surjectivity of the procedure. 

4.1 Type A 

Introduce the algebra of polynomials 

£ = C [Aj(a) | i — 1,..., N, a e C] 

in the variables Aj(a). For every i 6 {1,..., IV — 1} consider the free left £-module £ t with 
the generators cr*(a), where a runs over C and denote by £ t its quotient by the relations 

A?:(a) crj(a) = Aj+i(a) <7j(a + 1), a e C. (4.1) 


Dehne the linear operator Si : 

£ £i by the formula 




1 

[ A i(a) cr,i(a) 

for 

3 = i 


Si ■ Xj(a) (->• < 

— A i+ i(a) CTj(a + 1) 

for 

j = i + 1 

(4.2) 


lo 

for 

jj=i,i + l 



and the Leibniz rule 

S i (AB) = BS i (A)+AS i (B). (4.3) 

Now the i-th screening operator 

Si ■ £ —> £ i 

is defined as the composition of Si and the projection £, —y £j. 

In accordance with HH Theorem 5.1], we can define the subalgebra Rep Y(g[jy) of 
Yangian characters in £ as the intersection of kernels of the screening operators: 

N—l 

RepY(gl Ar ) = n ker Si. 

i =1 

Remark 4.1. Our variables A i(a) and cjj(a) correspond to A tq 2 a and S i>q 2 a+i -1 from ra. 
respectively; cf. [22]. □ 

Now we recall the definition of the classical W-algebra W(gt iV ) via screening operators 
as in m ^ ec - 8-1]; see also |TB] and [IS]. With the notation as in Sec. 13.11 we will regard 
U(f)_) as the algebra of polynomials in the variables E tt [r] with i = 1 ,N and r < 0. 
The screening operators 

Vi : U(^_) ->■ U(^_), i = l,...,N-l 
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are defined by 


v< = T, v « 


d 


d 


r =0 


dEa[-r - 1 ] dE i+li+ i[-r - 1 ] I ’ 


where the coefficients Vi [ r ] are found from the expansion of a formal generating function in 
a variable z, 


£ V, M V = exp £ 


m 


r =0 m= 1 

The classical W -algebra W( 0 Ijv) is a subalgebra of U(f)_) defined as the intersection of 
kernels of the screening operators: 

N-l 


W( 0 y = f| ker V t . 


i= 1 


We will now construct a map gr : RepY(gl Ar ) —¥ W(gl A r) and describe its properties. 
First, embed £ into the algebra of formal power series C[[A,-^]] in variables with 
i — 1,..., N and r = 0,1,... by setting 

oo ,(r) 

r =0 

Identify the formal power series in the Xf > with those in new variables /j,\ r defined by 

A- 0 ' 1 = 1 + and A- r ^ = fi^ for r ^ 1. (4.5) 

Define the degrees of the new variables by deg/i,- f) = —r — 1. Given A e £, consider the 
corresponding element C[[/4^]] and take its homogeneous component A of the maximum 
degree. This component is a polynomial in the variables i-ip and so we have a map 

gr : £ —» C[/i- r ' ) ], A (-)■ A. (4.6) 

Note its property which is immediate from the definition: 

gr(AB) = gr(A) gr (B). (4.7) 

In the following proposition we identify U(f)_) with the algebra of polynomials C [l-if' 1 } 
via the isomorphism Eu[—r — 1] n- fr\. 

Proposition 4.2. The image of the restriction of the map (j4.6[) to the subalgebra of char¬ 
acters Rep Y(qI n ) is contained in W(gljv) and so it defines a map 


gr : Rep Y(qI n ) -)• W( 0 l w ). 


Moreover, any homogeneous element o/W( 0 l N ) is contained in the image of gr. 
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Proof. Similar to (14.4ft . introduce variables af 1 by the expansion 

°° 


(4.8) 


r=0 


and set degoj f) = — r — 1. Regarding a as a formal variable in (14.1ft and (14.2ft . write the 
screening operators in terms of the variables fif ' > . Explicitly, for i = 1,..., N — 1 define 
operators 

^C[[^MC[[^U W ]]/~, (4.9) 

where the target space is the quotient of C [[/jj, cq- ]] by the relations (14. ip written in 
terms of the n\ r with a understood as a variable. Set 


s° : < 


(l+d°Vf 

-(! + d+i) ^2 


cr 


(fc) 


0 


k\ 


and 


5° : d r) -> (s°(d 0) )). 

where the derivation d acts on the variables by the rule 


o ( r) 

o : Hj i-)- 


(r+l) 


(r) (r+1) 

a 3 ^ a i ■ 


for 

J = i 

for 

j = i + 1 

for 

j^i,i + l 

r A 

1, 


r > 0. 


The action of S° then extends to the entire algebra C[[/i^]] via the Leibniz rule as in (14.3(1 . 

Now suppose that A e Rep Y^l^) so that Si A = 0 for all i = 1,..., N — 1. Denote 
by A° the corresponding element of C[[/ij r ' 1 ]]. By the definition of the operators Sf, their 
restriction to the subalgebra C coincides with the action of the respective operators S'*. 
Therefore, S° A° = 0. Taking the top degree component A of A° we can write 

S°A° = Si A + lower degree terms, 
where the operator Si is given by 


a, 


( r ) 


Si : jip H- 


-cr; 


(r) 


0 


On the other hand, relations (14.1ft give 


for 

J = i 

for 

j = * + 1 

for 

jVM + i 

OO 

(fc) ( \ 

(a) , 


(4.10) 


k =0 


k\ 


(4.11) 
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where of'' 1 (a) is defined as the k -th derivative over a from (14. 8 H and 

oo ( r ) 

vA a ) = J2^r ar - 

r —0 

Regarding a as a variable, we get from (14.lip a sequence of relations by comparing the 
coefficients of the same powers of a. The top degree components in these relations are 
homogeneous relations which can be written in terms of generating functions in the form 

<r'i(z) = (Vi( z ) ~ ki+i 0 )) <Ti{z) 

so that for the images under Si we have 

Si : l^i(z) hg exp j (ni(z) - fi i+1 (z)) dz, Hi+i(z) ^ - exp j (ni(z) - (J,i+i(z)) dz, 

and Si : Hj(z) i->- 0 for j ^ i, i + 1. However, this coincides with the action of the operator 
Vi on the series 

OO 

kk( z ) = E kk [-r - 1 }z r , k = l,...,N. 

r =0 

Thus, we may conclude that if an element A G C is annihilated by all operators S t , then 
its image A under the map (14.61) is annihilated by all operators Vi completing the proof of 
the first part of the proposition. 

The second part follows from [T 6 j, where generators of the algebra W(fl(jv) were obtained 
as images of certain elements of C under the map gr. □ 

4.2 Types B , C and D 

We let 0 denote the orthogonal Lie algebra On (with N = 2 n or N = 2 n + 1) or the 
symplectic Lie algebra sp N (with N = 2 n). Introduce a parameter k by k = N/2 — 1 in the 
orthogonal case and k = N/2 + 1 in the symplectic case. As before, we set i' = N — i + 1. 

Consider the algebra of polynomials in variables A* (a) with i = 1,..., N and a G C 
and denote by £ = C(g) its quotient by the relations 

\i(a + k — i) Xi'(a) = Aj + i(a + n — i) Ap + i)/(a), a G C, (4-12) 

for i = 0 , — 1 if 0 = 02 n or sp 2n , and for i = 0 , 1 ,..., n if 0 = 02 n +i, where 

Ao(o) = Ao'(a) = 1 . 

For i = 1,... ,n consider the free left £-module with the generators crj(a), where a 
runs over C and denote by its quotient by the relations 

Aj(a) cTj(a) = A i+ i(a) a* (a + 1), i = — a G C, (4.13) 
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together with 


for g = o 2n +i 


A„(a) cr n (a) = A n+1 (a) a n (a + 1 / 2 ), 

A n (a)a n (a) = A n+ 1 (a)(T n (a + 2), for 0 = sp 2n (4.14) 

An-i(a) cr n (a) = A n+ 1 (a) a n (a + 1 ), for 0 = o 2n - 


For every i G {1,..., n} define a linear operator Si : £ —>• Ci satisfying the Leibniz rule 
(14.3I) . For i — 1,..., n — 1 set 


Si Aj(ci) i—^ 


Ai(a) <Ji(a) 

-Aj+i (a) crj(a + 1 ) 

< — A^(a) aj(a + k — f + 1) 

A(i+i)/ (a) <Tj(a + k — i) 

0 


for j — i 
for j — i + 1 

for j = i! (4-15) 

for j — (i + 1 )' 

for j 7 ^ i, i', i + 1 , (i + 1 )'. 


The action of S n depends on the type and is given as follows. 


Case 0 = o 2 n+i • S n : Aj(a) H» 0 if j < n or j > n' and 

A n (a) A n (a) (cr n (a) + a n (a - 1 / 2 )) 

An+i(®) 1 ^ A n+ i(a) ^<j ri (cz 1/2) 0"n(® + 1/2)) 

A n /(a) i—> —A n '(a) (a n (a) + a n (a + 1 / 2 )). 

Case 0 = sp 2n : 5A : A,-(a) H> 0 if j < n or j > n' and 

A n (a) >-> A n (a) a n (a) 

An 1 (@) * t A n / (n) (Tjii^Qj + 2). 


Case 0 = 02 n- S n : A_,-(a) (->■ 0 if j < n — 1 or j > (n — 1)' and 

An—l(o) ^ A n _i(a) cr n (a) 

An(®) 1 ^ A n (a) cx n (u) 

A n '(a) e-)- —A n '(a) & n (a + 1 ) 

A( n -i)'(o) — A(n_i)'(a) cr n (a + 1). 

The relations (14.12[) are easily seen to be preserved by the action of the S) so that the 
operators on £ are well-defined. The i-th screening operator 

Si '■ £ ^ £ ,; 
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is now defined as the composition of S t and the projection L, —> £*. 

Due to m Theorem 5.1], we can define the subalgebra RepY(g) of Yangian characters 
in L as the intersection of kernels of the screening operators: 

n 

Rep Y (g) = P| ker S'*. 

i =1 

Remark 4.3. The variables A* (a) and cr*(a) are related to the corresponding elements used 
in p2] as follows: A*(a) = A* i(J 4 a for g = o 2n +i and A*(a) = A* q 2 a for g = sp 2n and g = o 2n . 
Moreover, for g = o 2n +i 


— S'* q4a^-2i — 2 for X — 1, . . . , 77/ 1, (X** (^a j — S^^q4a^-2n — 1, 

while for g = sp 2n we have 


<r*(a) = Si }q 2 a+i~i for i — 1,... ,n; 


the latter relations with i — 1,... ,n — 1 hold for g = o 2 r* as well, but a n (a) = S njg 2 a+n- 2 ; 
cf. [22]. Note also that relations (14.121) were obtained in [H Prop. 5.2 and 5.14] as the 
conditions for the highest weight representations of the Yangian Y(g) to be nontrivial, 
whereas (14.131) and (14.141) are consistent with the conditions on the representation to be 
finite-dimensional; cf. [Tj, Theorem 5.16]. □ 

We follow m S ec - 8.1] again to define the classical W-algebra W(g); see also [T6] 
and [18]. We will regard U(f)_) as the algebra of polynomials in the variables Fu[r\ with 
i = 1,... , n and r < 0. The screening operators 

Vi : U(^_) ->■ U(^_), x = l,...,n 


are defined as follows. For i = 1,..., n — 1 set 

d 




d 


r=0 


dFul-r- 1] dF i+li+1 [-r-l] V 


where the coefficients Vi yj are found from the expansion of a formal generating function in 
a variable z, 

oo oo 

T _ 

' % [r\ % 

r =0 m= 1 

For the action of V n we have the following formulas. 


E T a r Fu[—m] — F i+ u + i[—m] 

V [r] = exp 2_j i11 z r ‘ 


m 


Case g = o 2n +i: 


V n = Y J y n 


r=0 


d 

dF n [-r-iy 


where 


OO 


OO 


FJ-rri 













Case g = sp 2n : 


where 


v n = Y^v n 


d 


r=0 


dF n [-r - 1 ]’ 


r f 2F4-™] r 

2_s V n [r] z = exp 2_^ -0 


r=0 


m= 1 


m 


Case g = o 2n : 


where 


V n = J2 V n 


d 


+ 


d 


r=0 


t)F„ dF n [—r — 1 ] 


f; 14 M ^ = exp f; 


r=0 


rn 1 


m 


The classical W -algebra W(0) is a subalgebra of U(f)_) defined as the intersection of 
kernels of the screening operators: 


W( 0 ) = f| kerC,. 


2=1 


Now construct a map gr : RepY(0) —> W( L 0 ) and describe its properties. First, 
embed £ into the algebra of formal power series C[[A^]] in variables A^ with i — 1,..., N 
and r = 0,1,... by using (14.4p and taking the quotient by the corresponding relations 
fl4.12p . Introduce new variables by f!4.5p for i = 1 ,,n and define their degrees by 
deg / u,- r ' ) = —r — 1. Given A e £, consider the corresponding element C[[/4^]] and take its 
homogeneous component A of the maximum degree. This component is a polynomial in 
the variables and so we have a map 

gr : £ —> C[/4^], A H- A. (4.16) 

Note its property (14.7lh We will identify U(f)_) with the algebra of polynomials Cfip] via 
the isomorphism Fa[—r — 1] n- jaf’/rl. 

Proposition 4.4. The image of the restriction of the map (14.161) to the subalgebra of 
characters RepY(0) is contained in W( i 0) and so it defines a map 


gr : RepY( 0 ) —>■ W( L 0). 


Moreover, any homogeneous element of\V( L g) is contained in the image of gr. 
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Proof. The proof is quite similar to that of Proposition l4.2l so we only point out the changes 
to be made. Introduce variables a\ r) by (14.81) and set deg a[' > = —r — 1. Define operators 
Sf for i — 1 ,..., n as in (14.9p . where the quotient is now taken by the respective relations 
(14.13j) and (14.141) written in terms of the [if ^ with a understood as a variable. Since relations 
(14.13}) are identical to (14. lj) . the argument for the operators S° with i — 1 ,..., n — 1 follows 
the same steps as for type A. To complete the proof for the operator S°, consider the three 
cases separately. 


Case g = 02n+i- As with (14.101) . the corresponding operator S n is now given by 


S n ■ /4 ^ l— t 


2y r) 


for j = n 
for j 7^ n. 


(4.17) 


Note that 


An+l(®) 


Ai (<2 T n — l)A2(o T n — 2)... A n (o) 


Ai(a + n — l/2)A 2 (a + n — 3/2)... A„(a + 1/2) 
which is easy to derive from (14.121) . Now use (14.141) and write A*(a) = 1 + /Uj(a) for 
i — 1,..., n to get the corresponding analogue of (14. lip . As a result, we get the equation 

= 2 Mn(z) cr n (z) 

so that for the images under S n we have 

S n : Hn(z) !-)• 2 exp 2 / /i n (z) dz, 


and S n : jij{z ) i—>• 0 for j ^ n. This coincides with the action of the operator 2V n associated 
with sp 2n on the series 

OO 

r —0 

Hence, if an element A G C is annihilated by all operators Si, then its image A under the 
map (14.61) is annihilated by all operators Vi associated with sp 2n which is Langlands dual 

tO 02n+l- 


Case g = sp 2n ■ Similar to (14.171) . we have 


S n ■ /4 ? ) ^ 


(r) 

C?n 


for j = n 
for j n. 


Relations (14 .12 p now imply 
<Vi+i (®) 


Ai(o T n)X 2 (a T n — 1)... A n _i(o T 2) 
Ai(a T n T l)A2(n T n)... A n (o T 2) 


(4.18) 
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Write A* (a) = 1 + /j-i(a) for i — 1,..., n and use (I4.14p to get the equation 

a'n(z) = Hn(z)cr n (z). 

Hence, for the images under S n we have 

S n : n n (z) exp J / x n (z ) dz, 

and S n : [ij (z) n- 0 for j ^ n. This coincides with the action of the operator V n associated 
with 02 n+i on the series 

OO 

fJ'n(z) = ^2 F nn[~r - 1 ] Z T . 

r —0 

Therefore, if an element A E C is annihilated by all operators Si, then its image A under 
the map (14. 6 p is annihilated by all operators V t associated with o 2n +i which is Langlands 
dual to sp 2n . 


Case g = o 2n - 


Similar to (14.1011 . we have 

. ,rh) 

S n ■ 22 


for j = n — 1 , n 
for j 7 ^ n — 1 , n. 


(4.19) 


We derive from (14.12p that 

_ Xi(a + n - 2)A 2 (a + n — 3)... A n _i(a) 

” +1 Ai(a + n — l)A 2 (a + n — 2 )... A„(a) 

Write Aj(a) = 1 + /^(a) for i = 1 ,..., n and use (14.14p to get the equation 

<?n( Z ) = (t*n-l(z) + Mn(z)) <T n (z). 

Hence, for the images under S n we have 

Sn : Vn-i(z) exp J (n n -i(z) + /r n (z)) dz, /d n (z) ^ exp J (fj, n -i(z) + Hn(z)) dz, 


and S n : /q- (z) (-)■ 0 for j ^ n — 1 ,n. This coincides with the action of the operator V n 
associated with o 2n on the series 

OO 

A k(z) = ^ Fg[-r - 1] z r , i = n-l,n. 

r =0 

Thus, if an element A G jC is annihilated by all operators Si, then its image A under 
the map (14.6P is annihilated by all operators Vi associated with o 2n which is Langlands 
self-dual. 

The last part of the proposition follows from [16], where generators of the classical 
W-algebra were obtained as images of the Yangian characters under the map gr. □ 
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